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Abstract
In this review, we discuss effects of quantum gravity on black hole physics. After a brief review
of the origin of the minimal observable length from various quantum gravity theories, we present the
tunneling method. To incorporate quantum gravity effects, we modify the Klein-Gordon equation
and Dirac equation by the modified fundamental commutation relations. Then we use the modified
equations to discuss the tunneling radiation of scalar particles and fermions. The corrected Hawking
temperatures are related to the quantum numbers of the emitted particles. Quantum gravity cor-
rections slow down the increase of the temperatures. The remnants are observed as MRes &
Mp√
β0
.
The mass is quantized by the modified Wheeler-DeWitt equation and is proportional to n in quan-
tum gravity regime. The thermodynamical property of the black hole is studied by the influence of
quantum gravity effects.
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1 Introduction
The discovery of Hawking radiation is an important progress in gravitational physics [1]. It shows
the existence of the thermodynamical property in black holes. The temperature of a black hole is
proportional to its surface gravity. The entropy is equivalent to one-forth of the horizon area. These
results reveal the connection between relativity theory, statistical mechanics and quantum mechanics.
Hawking radiation is described as a tunneling effect of particles across the black hole’s horizon. It
has been deeply researched by different methods [2, 3, 4, 5, 6, 7]. The original research was carried
out in the quantum field theory which is based on the Heisenberg uncertainty principle. It led to the
standard Hawking formula and predicted the complete evaporation of black holes.
The tunneling method put forward by Kraus and Wilczek is an effective way to study the Hawking
radiation and attracts many physicists attention [4, 5]. In this method, the derivation of Hawking
radiation is based on the dynamical geometry approach and relies on the calculation of the imaginary
part of the classically forbidden process [6, 8]. When energy conservation is taken into account,
the black hole’s spacetime should be varied with the emission of a particle. Considering the varied
spacetime and the self-gravity interaction, Parikh and Wilczek researched the tunneling radiation of
massless particles across the horizons of the spherically symmetric black holes. The result showed
that tunneling rate is related to the change of Bekenstein-Hawking entropy. The corrected Hawking
temperature is higher than the standard one and the leading correction is dependent on the emitted
particle’s energy. This result implies that the varied background spacetime accelerates the evaporation
of the black hole. In this method, the key point is the derivation of the radial geodesic equation.
Therefore, this method is also called as the null geodesic method. For the massless particle, its radial
geodesic equation is derived by ds2 = 0. The equation of motion of a massive particle is different
from that of massless case. The trajectory of a massless particle is a null geodesic, while that of a
massive particle obeys de Broglie wave function and is the phase velocity of the outgoing wave. The
phase velocity is related to the the group velocity. Through solving the group velocity, Zhang and
Zhao got the equation of motion of the massive particle [9, 10]. Then using the equation of motion,
the tunneling radiation of massive particles was studied. The result is full in consistence with that
derived in Ref. [6]. Extending this method to the general spacetimes, the tunneling radiation of the
various spacetimes were discussed in Refs. [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24].
Another way to derive the action relies on solving the Hamilton-Jacobi equation, which is called as
the Hamilton-Jacobi method [25, 26]. This method is a extension of the complex path integral method
[7, 27, 28]. To derive the imaginary part, the action is separated by the radial and angular parts. In
the calculation, it is not needed to assume a particle with the s-wave emission since the contribution of
the angular part is canceled out. Using the Hamilton-Jacobi method and the Dirac equation in curved
spacetime, the fermions’ tunneling behaviors were discussed in Kerner and Mann’s work [29, 30]. Due
to the fixed background spacetimes, the standard Hawking formulae were recovered. The subsequent
work in the virous spacetimes can be found in Refs. [31, 32, 33, 34, 35, 36, 38, 37, 39, 40, 41, 42, 43, 44].
The black hole entropy has been deeply studied. In the original derivation, the entropy is pro-
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portional to the horizon area. However, there is a logarithmic correction to the Bekenstein-Hawking
entropy in other investigations [45, 46, 47]. This phenomenon may be caused by quantum gravity. An
interest prediction of quantum gravity theory is the existence of the minimal observable length. This
prediction was found in string theory, loop quantum gravity and doubly special relativity, respectively
[48, 49, 50, 51]. This view was also supported by the Gedanken experiments in the spirit of black hole
physics [52]. The generalized uncertainty principle (GUP) is an effective way to realize this length,
∆x∆p ≥ ~
2
[
1 + β(∆p)2 + β 〈p〉2
]
, (1.1)
where β = β0ℓ
2
p/~
2 = β0c
2/M2p , β0 < 10
5 is a dimensionless parameter [53], ℓp =
√
G~/c3 is the Planck
mass and Mp =
√
~c/G is the Planck mass. GUP was first derived in Kempf and Mann’s work by the
modified fundamental commutation relations [xi, pj ] = i~δij
[
1 + βp2
]
, where xi and pi are operators
of position and momentum defined by [54]
xi = x0i,
pi = p0i(1 + βp
2
0), (1.2)
p20 =
∑
p0jp0j , x0i and p0j satisfy the canonical commutation relations [x0i, p0j ] = i~δij . Thus the
minimal position uncertainty is
∆x = ~
√
β
√
1 + β 〈p〉2. (1.3)
It implies the minimum measurable length ∆x0 = ~
√
β. When β > 0 , ∆x0 has the physical meaning.
Modifications of the commutation relations are not unique. Other modifications can be found in the
related references [55, 56, 57].
These modifications play an important role in the researches of quantum gravity. Taking into
account effects of quantum gravity, the Schrodinger equation, Klein-Gordon equations and Dirac
equation were modified by the modified fundamental commutation relations [58, 59]. Applying these
modifications to the superconductivity and quantum Hall effect, the authors computed the Planck scale
corrections and showed that Planck scale effects may account for a part of the anomalous magnetic
moment of the muon [60]. The effects of quantum gravity on compact star cores and on the Planck
era of the universe were discussed in the papers [61, 62, 63, 64]. The treatment of hydrogen atom
problems with a generalized uncertainty relation was present in the work of Bouaziz et al. [65, 66, 67].
Incorporating the GUP into black holes, the thermodynamical properties and the remnants were
studied in recent researches [68, 69, 70, 71, 72, 73, 74]. The corrections of quantum gravity to the
various quantum phenomena appeared [57].
In this paper, we review quantum gravity effects on the black holes. We first give a review of
the minimal observable length derived in various quantum gravity theories in section 2. Then, the
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tunneling method was discussed in section 3. This method contains the null geodesic method and
the Hamilton-Jacobi method. In section 4, we adopt the new definition for the geodesic equation of
a massive particle to discuss the tunneling radiation. In section 5, incorporating effects of quantum
gravity into black holes’ physics, we investigate the tunneling radiation of scalar particles and fermions.
Effects of quantum gravity were introduced by the modified Klein-Gordon equation and Dirac equation.
The corrected temperatures are affected by the quantum numbers of the emitted particles. Quantum
corrections slow down the increase of the temperatures. The remnants are left during the evaporation.
In Section 6, we first review the quantized mass of the black hole by the Wheeler-DeWitt (WDW)
equation. Then modify WDW equation by the influence of the quantum gravity effects and use the
modified equation to discuss the quantum black hole. The thermodynamics of the black holes is
investigated in section 7. Section 8 is devoted to our discussion and conclusion.
2 The minimal observable length
In this section, we do not review the history of the minimal observable length, since it can be seen in
the review paper [75]. Here we only present the motivation which inspired GUP.
2.1 The viewpoint of mini black holes
There are two critical scales in the modern physics. The first one is the Compton wavelength which
marks the quantum property. The second one is the radius of a black hole. In this scale, there is a
strong gravitational field. When the mass of the black hole approaches to the Planck mass, the radius
and its Compton wavelength are comparable [75]. Thus we should consider the effects of quantum
and strong gravitation together in this region. We first take into account the Compton wavelength,
which is defined by
λ =
1
m
, (2.4)
where ~ = c are set to 1 and m is the rest mass of a given particle. It can be seen as the wavelength
of a photon. Moreover, it is also the limitation measured a particle’s position [76]. To see this point
we use the Heisenberg uncertainty relation
△x△p ≥ 1
2
. (2.5)
For a relativistic particle, we adopt E ∼ p ∼ m. If △x is smaller than the Compton wavelength,
namely △x ≤ 1E , we will find △p ≥ 12E. This will create other particle and lead to the definition of a
particle unclear. Therefore, the position uncertainty must satisfy the following inequality
△x ≥ 1
2m
, (2.6)
which is larger than the Compton wavelength.
On the other hand, the radius of a Schwarzschild black hole is
5
rH = 2GM, (2.7)
where M is a mass of black hole. The uncertainty for the radius can be directly found as
△rH = 2G△M. (2.8)
Thus, we get the uncertainty of the position is longer than the Compton wavelength, namely, △x ≥
1
2
1
△M . When △M of a black hole approaches to the Planck mass or the radius reaches its Compton
wavelength, the two terms become comparable 1△M ∼ G△M , since Mp = G−1/2. Therefore, the total
uncertainty relation should be combined by these two contributions linearly
△rH ≥ 1
2
(
1
△M + β0G△M
)
, (2.9)
where β0 is a dimensionless constant to specify a certain theory. Therefore, the minimal length appears
in the above equation.
2.2 The viewpoint of string theory
We first begin with a non-relativistic particle. The Feynman path integral of this particle can be
achieved by considering its world line x (τ) [76, 77] , which is given as follows
Zparticle ∼
∫
Dx exp
[
i
λ2
∑
ǫ
(
δτx
ǫ
)2]
, (2.10)
where λ is a dimensional constant and ǫ is a parameter which comes from that we divide a time interval
into the equal pieces. For a piece, we find that the particle travels a distance
〈
(δx)2
〉
∼ ǫλ2. (2.11)
It implies that the resolution of the above equation can be arbitrarily high when ǫ → 0. Now we
back to the string theory and introduce a fundamental action in string theory. It is the well-known
Polyakov action, which describes a dynamics on the world sheet in a target space. The action is
S = − 1
4πα′
∫
d2σ
√−ggαβ∂αXµ∂βXνηµν , (2.12)
where gαβ is a metric on the worldsheet and X
µ (τ, σ) is a surface which defines a map from the
worldsheet to the target space. It should be noted that the prefactor of this action denotes the
fundamental length of a string:
ℓ2s = α
′, (2.13)
where the Planck scale in 10 dimensions has ℓ
(10)
p ∼ g1/4ℓs, with the string coupling g ∼ eφ. It implies
that if the string coupling g is small enough, the string length is larger than the Planck length in the
given dimensions. Now, we can get the path integral for this action as[76, 77]
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Zstring ∼
∫
DX exp
(
i
ℓ2s
∑
ǫ2
[(
δτX
ǫ
)2
+
(
δσX
ǫ
)2])
. (2.14)
The resolution becomes
〈
(δX)2
〉
∼ ℓ2s. (2.15)
This formula is independent of the parameter ǫ, which implies that no matter how the parameter ǫ
is, there is a minimum length ℓs. Moreover, when we consider the scattering amplitude of a string at
high energy, it also gives us the same result. Since, the string theory is fuzzy below the scale ℓs =
√
α′,
we can not use strings to probe the distance shorter than this scale [78].
The minimal length can be also seen in the T-duality of a closed string. We consider a closed string
winding on the compact extra dimension. In this configuration, the closed string can not shrink to
zero size. It is different from the closed string which moves in the Minkowski spacetime and gives us a
remarkable property. In the 1+25 dimensional spacetime, we first compact the 25th extra dimension,
which needs us to identify the coordinate of 25th dimension via
x ∼ x+ 2πR, (2.16)
where R is a radius of the extra dimension. In this compact background, the periodicity condition of
the closed string X (τ, σ + 2π) = X (τ, σ) can be replaced by
X (τ, σ + 2π) = X (τ, σ) +m (2πR) , (2.17)
where m is called as the winding number. For convenience, we introduce the definition of the winding:
w ≡ mR/α′, which is born from the winding number. Therefore, the mode expansions for the left-
moving and right-moving string coordinates are
XL (τ + σ) =
1
2
xL0 +
α′
2
(p+ w) (τ + σ) + oscillator modes,
XR (τ − σ) = 1
2
xR0 +
α′
2
(p− w) (τ + σ) + oscillator modes.
Combining these two coordinates, we find the full coordinates X (τ, σ), which take a form as
X (τ, σ) = x0 + α
′pτ + α′wσ + oscillator modes. (2.18)
It is easy to see that the winding w has a same behavior with the momenta p. This is why we call it
as winding momenta. To quantize this closed string, the spectrum of p around the circle direction can
be obtained directly from eipX which looks like the unity operator. The spectrum is
p =
n
R
, n ∈ Z. (2.19)
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In view of the relationship between the winding and winding number, we find the eigenvalues of w,
which is
w =
mR
α′
, m ∈ Z. (2.20)
After calculations, the formula of the squared mass is gotten as
M2 = p2 + w2 +
2
α′
(
N + N˜ − 2
)
=
n2
R2
+
m2R2
α′2
+
2
α′
(
N + N˜ − 2
)
, (2.21)
where N and N˜ are integers and they satisfy the level matching condition: N − N˜ = nm. It is easy
to figure out that this formula is invariant under the exchange
R←→ α
′
R
, m←→ n. (2.22)
This remarkable statement is named as T-duality in the closed string theory, and it tells us we can
not distinguish the physics at very large or very small circle. It also exhibits a minimal length scale
in string theory. Since, when a circle shrinks into the size of a critical scale R =
√
α′, the theory will
become one which is used to describe the physics in a growing circle. In other words, the modes of
momenta will be replaced by winding modes. Therefore, it gives us the minimal length [78],
Rmin =
√
α′ = ℓs, (2.23)
where ℓs is a string length.
2.3 The viewpoint of loop quantum gravity
The discussion of this section is based on Refs. [79, 80]. Loop quantum gravity (LQG) is a candidate
of quantum gravity theory. Unlike string theory, LQG does not need the supersymmetry and extra
dimensions. It is only focused on quantizing gravity, but not other gauge fields. However, the moti-
vation of LQG was born from gauge theories. Recall the Maxwell theory, the Stokes’ theorem tells
us
∫
C
~A · ~ds =
∫
S
~∇× ~A · ~nd2x, (2.24)
where LHS describes the circulation of a vector potential ~A along a closed curve C, and RHS is the
curl of ~A on the surface bounded by the closed curve. This equality tells us that if we find a circulation
for all closed curves, we will find the curl of ~A. Here, ǫabcFbc = 2
(
~∇× ~A
)a
. The result shows that
if we find the circulation for all closed curves, we can know all characteristics of Maxwell fields. This
result can be naturally extended to the Yang-Mills theory. Since the Yang-Mills theory is controlled
by non-Abelian groups, the Stokes’ theorem becomes invalid and we should adopt non-Abelian Stokes’
theorem. Roughly speaking, we can use the holonomy to replace the circulation in the Maxwell theory.
The result is same to that in the Maxwell theory. If we know the trace of the holonomy for a vector
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potential Aµ =
∑
Aiµσ
i (can be seen as a connection in the Yang-Mills theory) along all loops, we
can get all qualities of Yang-Mills fields. In other words, the trace of the holonomy can be used to
construct a basis for all observable quantities in the Yang-Mills theory. In view of the new variables
introduced by Ashtekar, the general relativity can be seen as the Yang-Mills theory in loop quantum
gravity.
Now let us see how a minimal length emerges from LQG. We quantize gravity in the general
relativity. The canonical quantization is adopted. Firstly, the Einstein-Hilbert action is rewritten in
the Hamiltonian formulation. Secondly, the configuration variables and its conjugate momenta are
expressed as operators. Then we impose the commutation relations. Since the space and time are
treated as same footing in the general relativity, this does not work in the Hamiltonian formulation.
We should carry out decomposition on the spacetime at first. In the decomposition, we assume the
spacetime topology is Σ × R, where Σ is a three dimensional manifold. When the time t is fixed, Σ
can be seen as a spatial slice of the spacetime. To use triads formulation, the spatial metric on Σ is
defined by the inner product between three vectors, namely,
qab = Eai E
b
jδ
ij , (2.25)
where Eai is triads, i = 1, 2, 3 denote the three-dimensional vector fields, a denotes coordinates of a
curved space and i denotes coordinates of at space. The covariant derivative is DaG
i = ∂aG
i+ωiajG
j ,
where ω is a spin connection. To write the Einstein-Hilbert action in terms of triads, we should
introduce the concept of triads density, E˜ai =
√
det (q)Eai . Therefore, the spacetime metric can be
written as
ds2 =
(−N2 +NaNa) dt2 + 2Nadtdxa + qabdxadxb. (2.26)
Now let us recall the Einstein-Hilbert action in the general relativity, which is expressed as follows
S =
1
16πG
∫
d4x
√
− det (g)R. (2.27)
Using the Ashtekar’s variables, we rewrite the action into the canonical formulation. The Ashtekar’s
variables are defined by
Configuration variable : Aia, SU (2) Yang −Mills like connection,
Conjugate momenta : E˜ai , triads density in GR.
The Poission bracket for Ashtekar’s variables is
{
Aia (x) , E˜
a
i (y)
}
= 8πGγδab δ
i
jδ
3 (x− y) , (2.28)
where γ is the Barbero-Immirzi parameter. Adopting the Ashtekar’s variables and using the metric
(2.26), the Einstein-Hilbert action is rewritten as
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S =
1
8πGγ
∫
dt
∫
Σ
d3x
[
E˜ai A˙
i
a +NH +N
aHa + λiG
i
]
, (2.29)
with
H = ǫijkE˜
a
i E˜
b
jF
k
ab,
Ha = E˜
b
iF
i
ab,
Gi = DaE˜
a
i , (2.30)
where Fab is a field strength of the connection A
i
a and N , Na, λi are Lagrange multipliers. Since the
general relativity is a totally constrained system, the Hamiltonian of the action equals zero and it is
only a linear combination of some constraints. In Eq. (2.30), H = 0 is a Hamiltonian constraint,
Ha = 0 is a momentum constraint and G
i = 0 is a Gauss’ law. Keep in mind that Gauss’ law
generates gauge transformations, and the last two constraints of (2.30) manifest diffeomorphisms. In
the quantization, these constraints control the behavior of the wave function Ψ and the dynamics of the
system. We should note that the Hamiltonian constraint is not well-defined. The related discussions
is referred to Refs.[79, 80]. In the following, we use the constraints to pick out the physical states.
To quantize this system, we adopt the procedure of the canonical quantization. After that the
canonical variables is written to operators, the commutation relations are given by
[
Aˆia (x) ,
ˆ˜Eai (y)
]
= iδab δ
i
jδ
3 (x− y) . (2.31)
The natural wave function is based on the connection Ψ
(
Aia
)
. We get
AˆiaΨ(A) = A
i
aΨ(A) ,
ˆ˜Eai Ψ(A) = −i
δΨ(A)
δAia
. (2.32)
In order to satisfy the constraints, we use the holonomy to construct the wave function. The trace
of the holonomy is a function of the connection and it is invariant under gauge transformations.
Therefore, we expand the connection representation in a basis of the loop representation,
loop transformation : Ψ [A] =
∑
γ
Ψ [γ]Wγ [A] , (2.33)
where Ψ [γ] represents the loop basis and Wγ [A] are the traces of the holonomies defined by
Wγ [A] = Tr
(
P
[
exp
(
−
∮
γ
γ˙a (s)Aa (s)
)
ds
])
, (2.34)
with a path ordered exponential P . There is a problem for the loop basis: it is over complete. To solve
this problem, one introduces the spin network states ψs, which minimizes the loop basis. Adopting
these appropriate states, we can construct the area operator and find its eigenvalues. The area of the
surface Σ is rewritten in terms of the triad density
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AΣ =
∫
Σ
dx1dx2
√
det
(
q(2)
)
=
∫
Σ
dx1dx2
√
E˜3i E˜
3i. (2.35)
To express this area as the area operator, we should express the triad E˜3i as the operator
ˆ˜E3i by Eq.
(2.32) at first. Then the area operator takes a form as
AˆΣ =
∫
Σ
dx1dx2
√[
ˆ˜E3i
]
f
[
ˆ˜E3i
]
f
. (2.36)
In the above equation, f represents smearing functions. Impose this operator on the spin network
states ψs. Thus we get
AˆΣψs = 8πℓ
2
pγ
∑
I
√
jI (jI + 1)ψs, (2.37)
where I denotes the edge of the spin networks and jI is a positive half integer. In string theory,
we quantize the world sheet in the Ricci flat target space. The result of the closed string includes
the massless spin-2 graviton naturally. The interaction of these massless closed strings curves the
spacetime background. However, in LQG, we do not quantize a field in any other backgrounds, but
use a quanta of the space to construct the background itself. Therefore, the area of the space is
discrete and there is the minimal area which can be seen as a ground state of the quantum system.
The minimal area is
Amin = 4π
√
3γℓ2p. (2.38)
It is an order of ℓ2p, which implies that there is a minimal length ∼ ℓp . The review paper for loop
quantum gravity and loop quantum cosmology can be seen in Refs. [81, 82, 83, 84, 85].
The minimal observable length derived from GUP has been discussed in the introduction. We do
not need to review it here.
3 Review the tunneling method
3.1 The null geodesic method
In the null geodesic method, the imaginary part of the action is derived by the particle’s geodesic
[4, 5, 6]. The energy conservation is considered, thus the background spacetime is varied with the
particle’s emission. We take the tunneling radiation in the Schwarzschild black hole for instance to
review this method. The Schwarzschild metric is given by
ds2 = −f(r)dt2 + 1
g(r)
dr2 + r2(dθ2 + sin2θdφ2), (3.39)
with f (r) = g (r) = 1 − 2Mr , M is the black hole’s mass. The event horizon is located at rE = 2M .
To avoid the singularity at the horizon, we perform the Painleve coordinate transformation
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dt→ dt−
√
1− g(r)
f(r)g(r)
dr, (3.40)
on the metric (3.39) and get
ds2 = −
(
1− 2M
r
)
dt2 + 2
√
2M
r
dtdr + dr2 + r2(dθ2 + sin2θdφ2). (3.41)
The above metric describes a stationary (not a static) spacetime and the singularity at the horizon is
eliminated. We assume an s-wave outgoing positive energy particle. The radial null geodesics of the
particle are defined by ds2 = 0 from the metric (3.41), which are
r˙ =
dr
dt
= ±1−
√
2M
r
, (3.42)
where +(−) correspond to the outgoing (ingoing) geodesics. We fix the total energy of a spacetime
and allow that of the black hole to fluctuate. When a particle with energy ω is emitted, the energy of
the black hole’s system should be reduced. Then the mass M should be replaced by M − ω in Eqs.
(3.41) and (3.42). Thus the geodesics become
r˙ = ±1−
√
2(M − ω)
r
. (3.43)
The tunneling rate is determined by the imaginary part of the emitted particle’s action. The imaginary
part of the action can be expressed as
ImS = Im
∫ rout
rin
prdr = Im
∫ rout
rin
∫ pr
0
dp′rdr, (3.44)
where rin and rout are the initial and final radii of the black hole, respectively. To solve the above
equation, we introduce the Hamilton’s equation r˙ = dHdpr |r, and H =M−ω′. Then the above equation
becomes
ImS = Im
∫ rout
rin
∫ M−ω
M
dr
r˙
d(M − ω′)
= Im
∫ rout
rin
∫ M−ω
M
dr
1−
√
2(M−ω′)
r
d(M − ω′)
= 4πMω
(
1− ω
2M
)
. (3.45)
Therefore, the tunneling rate of the massless particle across the horizon is
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Γ ∼ exp(−2ImS) = exp
[
−8πMω
(
1− ω
2M
)]
= exp(∆SB−H), (3.46)
where ∆SB−H is the change of the Bekenstein-Hawking entropy. This equation is the Boltzmann
factor with the Hawking temperature at the horizon taking
T =
1
8πM(1 − ω2M )
= (1 +
ω
2M
)T0. (3.47)
In the above equation, T0 =
1
8piM is the original Hawking temperature derived without consideration
of the varied background spacetime. Clearly, the true temperature is higher than the original one.
The original Hawking formula predicts the complete evaporation of the black hole. Therefore, we can
conclude that the varied spacetime accelerates the evaporation.
The above discussion is focused on the massless particle. Zhang and Zhao extended this work the
case of massive particles [9, 10, 11]. For a massive particle, its equation of motion is different from that
of the massless particle. According to de Broglies hypothesis and the definition of the phase velocity
vp and the group vg velocity, we have the relationship
vp =
dr
dt
= r˙, vg =
drc
dt
, vp =
1
2
vg, (3.48)
where rc is the radial position of the particle. We still carry out the discussion in the Painleve metric
(3.41). Using Landau’s theory of the coordinate clock synchronization, we get the coordinate time
difference of these two events
dt = −g01
g00
drc, (dθ = dϕ = 0). (3.49)
Then the group velocity is gotten as
vg =
drc
dt
= −g00
g01
, (3.50)
and the phase velocity is
vp = r˙ =
1
2
vg = −g00
g01
=
1− 2Mr√
2M
r
. (3.51)
Inserting the above equation into the imaginary part (3.44) and adopting the Hamilton’s equation
r˙ = dHdpr |r, we can get the same imaginary part as Eq. (3.45). Therefore, the tunneling rate and the
Hawking temperature are recovered by the massive particle across the horizon.
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3.2 The Hamilton-Jacobi method
The embryonic form of the Hamilton-Jacobi method is the complex integration method [7, 27, 25].
In this method, we don’t need to assume that a particle moves radially. The action of the particle is
derived by the Hamilton-Jacobi equation
gµν∂µI∂νI +m
2 = 0, (3.52)
where m and I are the mass and the action of the particle. Here we adopt the Schwarzschild metric
(3.39) to review this method. Inserting the inverse metric of the metric (3.39) into the Hamilton-Jacobi
equation yields
− 1
f
(∂tI)
2 + g(∂rI)
2 +
1
r2
(∂θI)
2 +
1
r2sin2θ
(∂φI)
2 +m2 = 0. (3.53)
It is difficult to solve the above equation directly. Taking into account the properties of the metric,
we carry out variables of separation as follows
I = −ωt+W (r) + J(θ, φ), (3.54)
where ω is the energy of the emitted particle. Substituting the separated variables into Eq. (3.53)
and solving it yield
W± = ±
∫
dr√
gf
√
ω2 − f
[
1
r2
(∂θJ)2 +
1
r2sin2θ
(∂φJ)2 +m2
]
= ±iπ2Mω, (3.55)
where +(−) correspond to the outgoing (ingoing) solutions [22]. Thus the tunneling rate is
Γ =
P(emission)
P(absorption)
=
exp(−2ImI+)
exp(−2ImI−) =
exp[−2ImW+ − 2ImJ ]
exp[−2ImW− − 2ImJ ]
= exp (−8πMω) . (3.56)
In the above equation, the solution of J is the complex function, but the contribution was canceled in
the calculation. Therefore, the tunneling rate is only related to the radial action of the particle. Thus
the Hawking temperature of the black hole is gotten as
T =
1
8πM
. (3.57)
In the discussion, since we neglected the varied background spacetime of the black hole, the standard
Hawking temperature, which implies the complete evaporation of the black hole, was recovered. When
the varied spacetime are taken into account, the corrected Hawking temperature (3.47) will be gotten
[86, 87].
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3.3 Fermions’ tunneling radiation
In this subsection, we adopt the Hamilton-Jacobi method to review the tunneling radiation of fermions
across the horizon of the Schwarzschild spacetime [29, 30]. The equation of motion of a spin-1/2 particle
satisfies iγµ (∂µ +Ωµ)ψ +
m
~
ψ = 0, which is used in the signature metric (+,−,−,−). When we use
the signature (−,+,+,+), the equation of motion should be 1
γµ (∂µ +Ωµ)ψ +
m
~
ψ = 0, (3.58)
where m is the mass of the fermion, Ωµ ≡ i2ωµ abΣab, ωµ ab is the spin connection and is defined by
the ordinary connection ωµ
a
b = eν
aeλ bΓ
ν
µλ − eλ b∂µeλ a, eaµ is a tetrad. The Greek indices are raised
and lowered by the curved spacetime metric gµν and the Latin indices are governed by the flat metric
ηab. The construction of the tetrad relies on the definitions
gµν = eµ
aeν
bηab, ηab = gµνe
µ
ae
ν
b, e
µ
aeν
a = δµν , e
µ
aeµ
b = δba. (3.59)
Σab is the Lorentz spinor generator defined by
Σab =
i
4
[
γa, γb
]
, {γa, γb} = 2ηab. (3.60)
Then it is easily to construct the γµ in curved spacetime, which is
γµ = eµ aγ
a, {γµ, γν} = 2gµν . (3.61)
To deal with Hawking radiation of fermions, one should first choose a tetrad. It is straightforward
to guess the tetrad from the metric (3.39). It is
e aµ = diag
(√
f, 1/
√
g, r, r sin θ
)
. (3.62)
Then the gamma matrices are given by
γt =
1√
f
(
i 0
0 −i
)
, γθ =
1
r
(
0 σ1
σ1 0
)
,
γr =
√
g
(
0 σ3
σ3 0
)
, γφ =
1
r sin θ
(
0 σ2
σ2 0
)
. (3.63)
Here, σi’s are the Pauli Sigma matrices given by σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
.
The spin-1/2 fermion has two spin states, namely, spin up state and spin down state. Their wave
functions are expressed as
1Please see section 36: Lagrangians for spinor fields, “Quantum Field Theory”, M. Srednicki. It was also discussed
in Ref. [88].
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Ψ↑ =


A (t, r, θ, φ)
0
B (t, r, θ, φ)
0

 exp
(
i
~
I↑ (t, r, θ, φ)
)
,
Ψ↓ =


0
C (t, r, θ, φ)
0
D (t, r, θ, φ)

 exp
(
i
~
I↓ (t, r, θ, φ)
)
, (3.64)
where ↑ denotes the case of the spin up state, ↓ is for spin down state case, and I is the action of the
fermion. In this paper, we only discuss the tunneling radiation of the fermion with spin up state. The
process of the spin down state is parallel. Inserting the ansatz Eq. (3.64) for the spin up state into
the Dirac equation, dividing the exponential term and multiplying by ~, we get four equations
−
(
iA√
f
∂tI↑ +B
√
g∂rI↑
)
+ imA = 0, (3.65)(
iB√
f
∂tI↑ −A√g∂rI↑
)
+ imB = 0, (3.66)
−B
(
1
r
∂θI↑ +
i
r sin θ
∂φI↑
)
= 0, (3.67)
−A
(
1
r
∂θI↑ +
i
r sin θ
∂φI↑
)
= 0. (3.68)
Our aim is to get the solution of the action. However, it is difficult to solve the action from the
above equations. Considering the symmetries of the black hole spacetime, we carry out separation of
variables for the action as
I↑ = −ωt+W (r) + J (θ, φ) , (3.69)
where ω is the energy of the emitted fermion. Eqs. (3.67) and (3.68) are the same equation and
independent on A and B. Inserting Eq. (3.69) into Eqs. (3.67) and (3.68) yields a complex function
solution J (other than a constant solution). Although J is solved as a complex function, and then
would provide a contribution to the imaginary part of the action, its total contributions to the tunneling
rate will be canceled out. Therefore, we neglect it here. Then substituting Eq. (3.69) into Eqs. (3.65)
and (3.66), we get the radial function
(
iA√
f
ω −B√g∂rW
)
+ imA = 0, (3.70)(
iB√
f
ω +A
√
g∂rW
)
− imB = 0. (3.71)
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At the outer horizon, f(r) = g(r) = 0. The solution of the radial function W (r) can be gotten from
the above equations and is
W± = ±
∫ √
ω2 −m2f√
gf
dr
= ±
∫ √
ω2 −m2 (1− 2M/r)
1− 2M/r dr
= ±iπ2Mω, (3.72)
where +/− correspond to the outgoing/ingoing solutions [22]. So the tunneling rate of the fermion
across the horizon is
Γ =
P(emission)
P(absorption)
=
exp(−2ImI↑+)
exp(−2ImI↑−) =
exp(−2ImW+)
exp(−2ImW−)
= exp (−8πMω) , (3.73)
which means the Hawking temperature of the black hole taking
T =
1
8πM
. (3.74)
Therefore, the Hawking temperature can be recovered by the fermion tunneling across the horizon of
the black hole.
In this section, we have reviewed the tunneling method. Due to the varied background spacetime,
the null geodesic method yielded the leading correction to the Hawking temperature. In the Hamilton-
Jacobi method, we considered the fixed spacetime, thus the standard Hawking temperature were
recovered. All of these results predicted the complete evaporation of the black hole. In next section,
we adopt the new definition of the geodesic equation to discuss the tunneling radiation.
4 New derivation of the geodesic equation
The geodesic equation plays an important role in the null geodesic method to research on Hawking
radiation. However, the derivation of the geodesic equation of the massive particle, which is different
from that of the massless case, is unnatural. The geodesic equation of the massless particle is defined
by ds2 = 0, while that of the massive particle is defined by the relation between the group velocity and
the phase velocity. This derivation is not in consistence with the first principle–the variation principle.
General relativity tells us that both of the geodesic equations of massless and massive particles can
be derived directly by the variation principle on the Lagrangian action. In this section, we derive the
geodesic equations of the massless and massive particles from the variation principle, and then use
these equations to derive the tunneling radiation of a black string. This method was first developed
by Wu et al.. [91, 92].
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The metric of the black string was obtained from Einstein field equations with a negative cosmo-
logical constant. It describes a cylindrically symmetric spacetime and is given by [93]
ds2 = −∆dt2 +∆−1dr2 + r2dθ2 + α2r2dz2, (4.75)
where ∆ = α2r2 − Mr , 0 ≤ θ ≤ 2π, 0 ≤ r < ∞, −∞ < z < ∞, α2 = −Λ/3, Λ is the cosmological
constant, and M is related to the ADM mass density. The event horizon locates at r+ =
(
M
α2
)1/3
.
The entropy of the black string is S = 12παr
2
+. In the following, we use the Lagrangian analysis on
the action to get the geodesic equation of the emitted particle in the Painleve coordinate system.
Therefore, the above metric should be rewritten as
ds2 = −∆dt2 + 2√1−∆dtdr + dr2 + r2dθ2 + α2r2dz2, (4.76)
which was gotten by the Painleve coordinate transformation dt→ dt−√1−∆∆−1dr. When a massive
(massless) particle tunnels across the horizon of the black string (4.76), its Lagrangian quantity is
L =
1
2
[
−∆t˙2 − 2√1−∆t˙2r˙2 + r˙2 + r2θ˙2 + α2r2z˙2
]
. (4.77)
In the above equation, the dot expresses the differentiation with respect to the affine parameter τ .
Then the canonical momenta of the particle are gotten as follows
pt =
∂L
∂t˙
= −∆t˙−√1−∆r˙,
pr =
∂L
∂r˙
= r˙ −
√
1−∆t˙,
pθ =
∂L
∂θ˙
= r2θ˙,
pz =
∂L
∂z˙
= α2r2z˙. (4.78)
After the Legendre transformation, we get the Hamiltonian quantity
H =
1
2
[
−∆t˙2 − 2√1−∆t˙2r˙2 + r˙2 + r2θ˙2 + α2r2z˙2
]
, (4.79)
which is constrained to a constant −k/2. k = 0 corresponds to the case for the geodesic equation of
the massless particle, while k = 1 denotes that of the massive particle. In the Lagrangian (4.77), t
and z are the cyclic coordinates. Thus we get dptdτ =
dL
dt = 0 and
dpz
dτ =
dL
dz = 0, which means that pt
and pz should be constants. Let pt = E and pz = J , where E and J are constants of integration. To
solve t˙, r˙, without loss of generality, we let θ be fixed at a certain angular. Combining Eqs. (4.78)
and (4.79), we get
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r˙ = ±
√
E2 −∆
(
k +
J2
α2r2
)
,
t˙ =
1
∆
[
−E ±
√
1−∆
√
E2 −∆
(
k +
J2
α2r2
)]
. (4.80)
Thus the geodesic equation of the massive (massless) particle across the horizon can be easily gotten.
It is
r¯ ≡ dr
dt
=
r˙
t˙
=
∆
√
E2 −∆
(
k + J
2
α2r2
)
±E −√1−∆
√
E2 −∆
(
k + J
2
α2r2
) , (4.81)
where +(−) denote the (outgoing) ingoing geodesics. Let the particle cross the horizon with the s-wave
way. When k = 0, we get r¯ = 1 +
√
1−∆, which describes the geodesic equation of the massless
particle and is full in consistence with that derived by ds2 = 0. Following Parikh and Wilczek’s work,
we can easily get the tunneling rate of the massless particle across the horizon of the black string. The
result is consistent with the results gotten in Parikh and Wilczek’s work [6]. When k = 1, the geodesic
equation of the massive particle is r¯ = ∆
[
−√1−∆± E√
E2−∆
]−1
. Now we use the geodesic equation
(4.81) to calculate the tunneling rate of the massive (massless) particle across the horizon. When a
particle with energy ω is emitted, the energy of the system of the black string should be reduced as
M − ω. Taking into account the self-gravity of the particle, we should replace M with M − ω in the
metric (4.76) and in the geodesic equation (4.81). Thus we rewrite Eq. (4.81) as
r¯ = ∆˜
[
−
√
1− ∆˜± E˜√
E˜2 − ∆˜k
]−1
, (4.82)
where ∆˜ = α2r2 − M−ωr , E˜ is the integration constant after the particle emission with consideration
of the self-gravitation. The tunneling rate is determined by the imaginary part of the action of the
particle. We follow the process in the section 2 and adopt the expression of Eq. (3.44) and the
Hamilton’s equation r¯ = dHdpr |r=
d(M−ω′)
dpr
|r. The imaginary part is gotten as
ImS = Im
∫ rout
rin
∫ pr
0
dp′rdr = Im
∫ rout
rin
∫ M−ω
M
dr
r¯
d(M − ω′)
= Im
∫ rout
rin
∫ M−ω
M
−
√
1− ∆˜± E˜√
E˜2−∆˜k
∆˜
drd(M − ω′)
= −1
4
πα
(
r2out − r2in
)
. (4.83)
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Clearly, the imaginary part was derived by the emissions of the massless and massive particles in the
same equation. The imaginary part is irrelevant to the mass of the emitted particle. Therefore, the
tunneling rate of the particle across the horizon is
Γ ∼ exp(−2ImS) = exp
[
−1
2
πα
(
r2out − r2in
)]
= exp(∆SB−H), (4.84)
which is related to the change of the Bekenstein-Hawking entropy, ∆SB−H . This result is precisely in
consistence with that derived in Refs. [6, 9, 10, 11] and leads to the correction to the pure thermal
spectrum.
5 Tunneling radiation with corrections of quantum gravity
In fact, the standard Hawking temperature can be directly obtained by the Heisenberg uncertainty
principle (HUP) [68, 94]. When a particle with positive energy E is emitted to infinity, a particle with
negative energy −E is absorbed by the black hole. We can estimate the characteristic energy E of
the emitted particle across the horizon of the Schwarzschild black hole by HUP. In the vicinity of the
black hole’s surface, there is an position uncertainty of the order of the Schwarzschild radius, which is
∆x ≃ rE = 2GMc2 . Using the uncertainty principle
∆x∆p ∼ ~, (5.85)
we get the momentum uncertainty as ∆p ≃ ~rE =
~c2
2GM . Thus the uncertainty in the energy of the
emitted particle is
∆E = c∆p =
~c3
2GM
. (5.86)
We identify this energy as the characteristic energy of the emitted particle. Using a calibration factor
4π and setting kB = 1, we can easily get the temperature as the following form
T =
∆E
4π
=
~c3
8πGM
, (5.87)
which is the thermal spectrum of a black body radiation and shows the complete evaporation of the
black hole. This result can be seen as a direct consequence of HUP. All the above results show the
complete evaporation of the black holes.
However, various theories of quantum gravity predict the minimal observable length. When effects
of quantum gravity are taken into account, there should be a minimal observable length for a black
hole. It implies that the black hole can not evaporate completely. Introducing effects of quantum
gravity by the modified de Broglie relation, the tunneling radiation of scalar particles in the varied
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background spacetime has been discussed in the work [74]. The corrected tunneling temperature was
gotten. Through the modified Dirac equation, fermions’ tunneling radiation in the various spacetimes
has been discussed in our work [95, 96, 97, 98]. It was showed that the corrected temperatures are
related to the quantum numbers of the emitted fermions. In this section, we incorporate effects of
quantum gravity into black hole physics and discuss the tunneling radiation of scalar particles and
fermions. The remnants are observed.
5.1 Tunneling radiation of scalar particles
5.1.1 Quantum gravity corrections by GUP
Doubly Special Relativity shows that the existence of a minimal measurable length would restrict a
maximal momentum uncertainty of a particle [99, 100, 101, 102]. This implies the existence of the
maximal momentum since the minimal measurable length can be found at the Planck scale. Both of
the minimal length and maximal momentum can be realized in the following DSR-GUP[56]
∆x∆p ≥ ~
2
(
1− α1∆p+ α2∆p2
)
, (5.88)
where α1 = 2α0lp/~, α2 = 4α
2
0l
2
p/~
2, and α0 is a dimensionless parameter. The above GUP is derived
by the modified fundamental commutation relations
[xi, pj ] = i~
{
δij − α0lp (pδij + pipj/p) + α20l2p
(
p2δij + 3pipj
)}
, (5.89)
which predicts a minimum measurable length and a maximum measurable momentum as ∆x ≥
(∆x)min ≈ α0lp and ∆p ≤ (∆p)max ≈ Mpc/α0, respectively. xi and pi are operators of position
and momentum defined by [56]
xi = x0i,
pi = p0i(1− α1p0 + 2α21p20). (5.90)
In the above equation, x0i, p0j satisfy the canonical commutation relations. When α1 = 0 and α2 = β,
the above DSR-GUP reduces to the ordinary GUP expressed as Eq. (1.1). Uing the DSR-GUP, the
semi-classical tunneling radiation was reprocessed in the work [74]. When the DSR-GUP is taken into
account, the usual de Broglie relation should be modified as
λ ≃ 1
p
(
1− α1p+ α2p2
)
, (5.91)
or equivalently
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ω ≃ E (1− α1E + α2E2) . (5.92)
On the other hand, from the DSR-GUP expression, we modify the commutation relation between the
radial coordinate and the conjugate momentum as [r, pr] = i~
(
1− α1p+ α2p2
)
. When α2 = α
2
1 =
α20l
2
p/~
2, the above relation is reduced into that gotten in the reference [74]. In the classical limit, the
following poisson bracket
{r, pr} = 1− α1p+ α2p2, (5.93)
is adopted to replace by the commutation relation. To get the imaginary part of the action, the
following deformed Hamiltonian equation is adopted
r˙ = {r,H} = {r, pr}dH
dpr
|r, (5.94)
Following the work [74], we let pr = ω
′ and p2r = ω′
2. To eliminate the momentum in the favor of the
energy in integral Eq. (3.44), we insert Eqs. (5.94) and (3.43) into Eq. (3.44) and get
ImS = Im
∫ rout
rin
∫ M−ω
M
1− α1ω + α2ω2
r˙
drdH ′
= Im
∫ rout
rin
∫ M−ω
M
1− α1ω + α2ω2
1−
√
2(M−ω′)
r
drd(M − ω′)
= 4πMω
[
1− ω
2M
− α1ω
(
1
2
− ω
3M
)
+ α2ω
2
(
1
3
− ω
4M
)]
. (5.95)
Therefore, the tunneling rate of the particle across the horizon with effects of quantum gravity is
gotten as
Γ ∼ exp
{
−8πMω
[
1− ω
2M
− α1ω
(
1
2
− ω
3M
)
+ α2ω
2
(
1
3
− ω
4M
)]}
. (5.96)
In the above equation, there are four terms in the exponential. The first term gives a thermal Boltz-
mannian spectrum. The other three terms are correction values. The second term is caused by the
varied back ground spacetime, which was found in the work of Parikh and Wilczek. The third and
fourth terms are caused by the effects of quantum gravity. When α1 = 0, the above result reflects the
tunneling rate of the varied spacetime influenced by the quantum gravity correction with the minimal
length. When α1 = α2 = 0, the above result reduces to that of Eq. (3.45).
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5.1.2 The generalized Klein-Gordon equation
In this subsection, we introduce GUP effects into Klein-Gordon equation in curved spacetime by the
modified operators of position and momentum [103]. The derivation of GUP relies on the modified
fundamental commutation relations. There are two representations to express the commutation rela-
tions. The first way is to modify the momentum operator in the position representation covariantly,
which has been discussed in the introduction. The second way is to modify the position operator
in the momentum representation. This will be given by Eq. (6.184). In this section, we adopt the
position representation.
Using Eq. (1.2) and neglecting the higher order term of β, we get
p2 = pip
i = −~2 [1− β~2 (∂j∂j)] ∂i · [1− β~2 (∂j∂j)] ∂i
≃ −~2 [∂i∂i − 2β~2 (∂j∂j) (∂i∂i)] , (5.97)
To take into account effects of quantum gravity [104], we introduce the generalized frequency
ω˜ = E(1 − βE2). (5.98)
The energy operator in the above equation is defined by E = i~∂t. Using the energy mass shell
condition p2 +m2 = E2, it is easy to derive the modified expression of energy [104, 74, 58, 59]
E˜ = E[1− β(p2 +m2)]. (5.99)
In curved spacetime, the Klein-Gordon equation takes the form as
gµνpµpνΨ = −m2Ψ, (5.100)
To introduce the effects of quantum gravity, we rewrite the above equation as
− (i~)2 ∂t∂tΨ =
[
(i~)2 ∂i∂i +m
2
]
Ψ. (5.101)
Substituting Eqs. (5.97) and (5.99) into Eq. (5.101) and keeping the leading order of β, we get the
generalized Klein-Gordon equation
− (i~)2 ∂t∂tΨ =
[
(i~)2 ∂i∂i +m
2
] [
1− 2β
(
(i~)2 ∂i∂i +m
2
)]
Ψ. (5.102)
The effect of an electromagnetic field was not considered in the above equation. If we consider this
effect, the generalized Klein-Gordon equation (5.100) should be changed.
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5.1.3 Scalar particles’ tunneling radiation in the Schwarzschild black hole
In this subsection, we use the generalized Klein-Gordon equation to discuss the tunneling radiation
of a scalar particle in the Schwarzschild black hole. The Schwarzschild metric is given by Eq. (3.39).
The equation of motion of a scalar particle satisfies the generalized Klein-Gordon equation (5.102). To
realize the quantum property of the scalar particle and utilize the WKB approximation, we assume
that the wave function of the particle is
Ψ = exp
[
i
~
I (t, r, θ, φ)
]
, (5.103)
where I is the action of the scalar particle. To use the WKB approximation, we substitute the wave
function (5.103) into the Klein-Gordon equation (5.102) and combine the metric in Eq. (3.39). When
the higher orders of ~ and β are neglected, we get
1
f
(∂tI)
2 =
[(
g (∂rI)
2 +
1
r2
(∂θI)
2 +
1
r2 sin2 θ
(∂φI)
2
)
+m2
]
×(
1− 2β
[
g (∂rI)
2 +
1
r2
(∂θI)
2 +
1
r2 sin2 θ
(∂φI)
2 +m2
])
. (5.104)
It is difficult to solve the above equation. Considering the properties of the spacetime, we carry out
separation of variables on the action
I = −ωt+W (r) + J (θ, φ) , (5.105)
where ω is the energy of the emitted particle. Following the previous work, we choose the s-wave [6],
which means that 1
r2
(∂θI)
2 + 1
r2 sin2 θ
(∂φI)
2 = 0. Substituting Eq. (5.105) into Eq. (5.104), we get
the equation for the radial part as
C4 (∂rW )
4 + C2 (∂rW )
2 + C0 = 0, (5.106)
where
C4 = −2βg2,
C2 = g
(
1− 4βm2) ,
C0 = m
2 − 2βm4 − ω
2
f
. (5.107)
There are four roots for the above equation, but only two roots have the physical meaning. Solving
the equation and finishing the integration at the event horizon yield
W± = ±
∫
dr
1√
fg
√
ω2 −m2f + 2βm4f
[
1 + β
(
m2 +
ω2
f
)]
= ±iπ2Mω
(
1 +
1
2
β
(
m2 + 4ω2
))
+ (real part) . (5.108)
where f = g = 1 − 2Mr , and +/− represent the outgoing/ingoing solutions. In section (2.3), the
expression of the tunneling rate is not invariant under canonical transformations. To consider an
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invariance under canonical transformations, we follow the recent work [105, 106, 107] and adopt the
expression
∮
prdr. Thus the tunneling rate is
Γ ∝ exp[−Im
∮
prdr] = exp
[
−Im
(∫
poutr dr −
∫
pinr dr
)]
= exp
[
±2Im
∫
pout,inr dr
]
. (5.109)
The expression of pr in the above equation relates toW (r) as pr = ∂rW . The solutions of Im
∫
pout,inr dr
were gotten in Eq. (5.108), which is
Im
∮
prdr = 2ImW
out = 4πMω
(
1 +
1
2
β
(
m2 + 4ω2
))
. (5.110)
If we use Eq. (5.110) to calculate the tunneling rate, we will obtain two times Hawking temperature
[108, 109, 110]. This result is inconsistent with the standard Hawking temperature. After careful
considerations, Akhmedova et al. found that the contribution of the temporal part of the action had
been ignored in the calculation [105, 106, 107]. When this contribution is considered, the problem
that there is a factor of two in the Hawking temperature would be resolved.
To find the contributions of the temporal part, we introduce the Kruskal coordinates (T,R). In
this coordinate system, the exterior region of the black hole (r > r+) is described by
T = eκ+r∗sinh(κ+t),
R = eκ+r∗cosh(κ+t), (5.111)
where r∗ = r + 12κ+ ln
r−r+
r+
is the tortoise coordinate, and κ+ =
1
2r+
is the surface gravity at the
horizon. The interior region is given by
T = eκ+r∗cosh(κ+t),
R = eκ+r∗sinh(κ+t). (5.112)
To connect these two regions across the horizon, we need to rotate the time t to t→ t−i pi2κ+ . As pointed
in Ref. [105], this ”rotation” gives us an additional imaginary contribution of the temporal part,
namely, Im(ω∆tout,in) = piω2κ+ . Then the total temporal contribution is Im(ω∆t) =
piω
κ+
. Therefore,
the tunneling rate of the scalar particle crossing the horizon is
Γ ∝ exp
[
−
(
Im(E∆t) + Im
∮
prdr
)]
= exp
[
−8πMω
(
1 +
1
4
β
(
m2 + 4ω2
))]
. (5.113)
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This is the Boltzmann factor with the Hawking temperature taking
T =
1
8πM
[
1 + 14β (m
2 + 4ω2)
] = [1− 1
4
β
(
m2 + 4ω2
)]
T0, (5.114)
where T0 =
1
8piM is the original Hawking temperature. Clearly, when quantum gravity effects are taken
into account, there is a small correction to the Hawking temperature and the correction is not only
affected by the quantum numbers (the mass and energy) of the emitted particle but also determined
by the mass of the black hole. The corrected temperature is lower than the original one, which implies
that quantum gravity correction slows down the increase of the Hawking temperature.
5.2 Tunneling radiation of fermions
5.2.1 The generalized Dirac equation
We study the tunneling radiation of fermions with effects of quantum gravity in this subsection. The
fermion’s equation of motion obeys Dirac equation. Therefore, we should first modify Dirac equation
by the influence of quantum gravity effects. There are several ways to modify it.
The first way is to generalize GUP into the covariant form [89]. The modification of operators of
positions and momenta are given as follows
xˆµ = xµ,
pˆµ = −i (1− β∂ρ∂ρ) ∂µ, (5.115)
where µ, ρ run from 0 to 3. Therefore, the modified Dirac equation is
iγµ (1− β∂ρ∂ρ) ∂µψ +mψ = 0. (5.116)
To consider this condition carefully, we should emphasize that the generalized energy under this
modification becomes E˜ = E (1− β∂ρ∂ρ), where E = i∂t.
In the second way, the invariance under gauge transformations is taken into account[89]. Thus, it
leads us to modify the operator
(1− β∂ρ∂ρ) ∂µ → (1− βDρDρ)Dµ, (5.117)
where Dµ ≡ ∂µ − ieAµ. Therefore, we can define the generalized covariant derivative as
Dµ ≡ (1− βDρDρ)Dµ
= [1− β (∂ρ − ieAρ) (∂ρ − ieAρ)] (∂µ − ieAµ) . (5.118)
Here the action of the Dirac field is invariant under global gauge transformations
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iβψ¯DρDργ
µDµψ → iβψ¯DρDργµDµψ, (5.119)
with
γµ → U (x) γµU (x)† , U (x)† U (x) = 1. (5.120)
The generalized field strength tensor can be defined as
Fµν = i
e
[Dµ,Dν ] . (5.121)
Then the generalized Dirac equation is gotten as
iγµDµψ +mψ = 0. (5.122)
In the third way, the energy frequency and momentum operator are modified, respectively [90]. It
is given as follows. Let us recall the Dirac equation with an electromagnetic field in curved spacetime
γµ
(
∂µ +Ωµ +
i
~
eAµ
)
Ψ+
m
~
Ψ = 0, (5.123)
which can be rewritten as
− γ0∂0Ψ =
(
γi∂i + γ
µΩµ + γ
µ i
~
eAµ +
m
~
)
Ψ. (5.124)
To introduce the effects of quantum gravity, we substitute Eqs. (5.97) and (5.99) into Eq. (5.124) and
keep the leading orders of β. Then the generalized Dirac equation in curved spacetime is obtained as
− γ0∂0Ψ =
(
γi∂i + γ
µΩµ + γ
µ i
~
eAµ +
m
~
)(
1 + β~2∂j∂
j − βm2)Ψ, (5.125)
namely,
[
γ0∂0 + γ
i∂i
(
1− βm2)+ γiβ~2 (∂j∂j) ∂i + m
~
(
1 + β~2∂j∂
j − βm2)
+γµ
i
~
eAµ
(
1 + β~2∂j∂
j − βm2)+ γµΩµ (1 + β~2∂j∂j − βm2)
]
Ψ = 0. (5.126)
The above equation describes the motion of an uncharged fermion when e = 0. In the following
subsections, we use the generalized Dirac equation (5.126) to discuss the tunneling radiation of fermions
with effects of quantum gravity.
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5.2.2 Fermions’ tunneling in the Schwarzschild black hole
We first review the fermion’s tunneling across the horizon of the Schwarzschild black hole. The effects
of quantum gravity are taken into account. The Schwarzschild metric is given by Eq. (3.39). The
gamma matrices and the wave function with spin up state are also given by Eqs. (3.63) and (3.64),
respectively. To consider the quantum gravity effects, we substitute the matrices (3.63) and the
wave function (3.64) into the generalized Dirac equation (5.126). After the calculation, we find four
decoupled equations
− iA 1√
f
∂tI −B
(
1− βm2)√g∂rI
−iAmβ
[
grr (∂rI)
2 + gθθ (∂θI)
2 + gφφ (∂φI)
2
]
+Bβ
√
g∂rI
[
grr (∂rI)
2 + gθθ (∂θI)
2 + gφφ (∂φI)
2
]
+ iAm
(
1− βm2) = 0, (5.127)
iB
1√
f
∂tI −A
(
1− βm2)√g∂rI
−iBmβ
[
grr (∂rI)
2 + gθθ (∂θI)
2 + gφφ (∂φI)
2
]
+Aβ
√
g∂rI
[
grr (∂rI)
2 + gθθ (∂θI)
2 + gφφ (∂φI)
2
]
+ iBm
(
1− βm2) = 0, (5.128)
A{−i(1− βm2)
√
gφφ∂φI
+iβ
√
gφφ∂φI[g
rr(∂rI)
2 + gθθ(∂θI)
2 + gφφ(∂φI)
2]
−
√
gθθ∂θI[1− βm2 − βgrr(∂rI)2 − βgθθ(∂θI)2 − βgφφ(∂φI)2]} = 0, (5.129)
B{−i(1− βm2)
√
gφφ∂φI
+iβ
√
gφφ∂φI[g
rr(∂rI)
2 + gθθ(∂θI)
2 + gφφ(∂φI)
2]
−
√
gθθ∂θI[1− βm2 − βgrr(∂rI)2 − βgθθ(∂θI)2 − βgφφ(∂φI)2]} = 0. (5.130)√
gθθ = 1r ,
√
gφφ = 1r sin θ in the above equations. The contributions from ∂A, ∂B and the high orders
of ~ were neglected. Moreover, since the metric has a time-like killing vector, the action I can be also
separated by Eq. (3.69). Now, we insert Eq. (3.69) into Eqs. (5.129) and (5.130) and divide by A, B.
Then, Eqs. (5.129) and (5.130) are reduced to the following equation
(
√
gθθ∂θJ + i
√
gφφ∂φJ)
×[βgrr(∂rW )2 + βgθθ(∂θJ)2 + βgφφ(∂φJ)2 + βm2 − 1] = 0. (5.131)
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Since β is a small quantity represented the effects from quantum gravity, the value in the square
bracket can not be vanished. Therefore, the above equation is simplified as
√
gθθ∂θJ + i
√
gφφ∂φJ = 0. (5.132)
As it is discussed in section (2.3), although the solution of J is the complex functions, its contribution
would be canceled out in the calculation of the tunneling rate. Therefore, we can neglect it. Meanwhile,
the square of Eq. (5.132) yields gθθ (∂θJ)
2+ gφφ (∂φJ)
2 = 0. Now, we focus our attention to the radial
part of the action. Inserting Eq. (3.69) into Eqs. (5.127) and (5.128) and canceling A and B in these
equations yield
A6 (∂rW )
6 +A4 (∂rW )
4 +A2 (∂rW )
2 +A0 = 0, (5.133)
where
A6 = β
2g3f,
A4 = βg
2f
(
3m2β − 2) ,
A2 = gf
[(
1− βm2)2 − β (2m2 − 2m4β)] ,
A0 = m
2
(
1− βm2)2 f − ω2. (5.134)
Neglecting the higher orders of β and solving the above equations at the event horizon, we get
W± = ±
∫
dr
1√
fg
√
ω2 −m2f + 2βm4f
[
1 + β
(
m2 +
ω2
f
)]
= ±iπ2Mω
(
1 +
1
2
β
(
m2 + 4ω2
))
+ (real part) . (5.135)
In the above equation, +/− signs are correspondent with outgoing/ingoing solutions and the real part
is irrelevant to the tunneling rate [22]. To consider an invariance under canonical transformations,
we follow the process in the above section [105] and derive the temporal contribution in the Kruskal
coordinate system. Finally, the tunneling rate of the spin-1/2 fermion across the horizon is derived as
Γ ∝ exp
[
−
(
Im(E∆t) + Im
∮
prdr
)]
= exp
[
−8πMω
(
1 +
1
4
β
(
m2 + 4ω2
))]
, (5.136)
which shows that the Hawking temperature is
T =
1
8πM
[
1 + 14β (m
2 + 4ω2)
] = [1− 1
4
β
(
m2 + 4ω2
)] 1
8πM
. (5.137)
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Clearly, the corrected temperature is lower than the original one and the correction value is affected by
the quantum numbers (the mass and energy) of the emitted fermion. The quantum correction slows
down the increase of the Hawking temperature caused by the evaporation.
5.2.3 Fermions’ tunneling in the Reissner-Nordstrom spacetime
Now let us discuss the effect of an electromagnetic field on the tunneling radiation of an charged fermion
with effects of quantum gravity. Here, we use the Reissner-Nordstrom black hole which describes a
spherically symmetric static spacetime with a charge Q. The Reissner-Nordstrom metric is given by
ds2 = −f (r) dt2 + g (r)−1 dr2 + r2 (dθ2 + sin2 θdφ2) , (5.138)
with the electromagnetic potential
Aµ = (At, 0, 0, 0) =
(
Q
r
, 0, 0, 0
)
, (5.139)
where f (r) = g (r) = 1 − 2Mr + Q
2
r2
= (r−r+)(r−r−)
r2
, r± = M ±
√
M2 −Q2 are the locations of the
outer/inner horizons. We also only consider the case of the spin up state. The discussion of the spin
down is parallel. The wave function with spin up state is
Ψ =


A
0
B
0

 exp
(
i
~
I (t, r, θ, φ)
)
, (5.140)
where I is the action and A, B are functions of t, r, θ, φ. For the metric (5.138), one can easily construct
the tetrad as e aµ = diag
(√
f, 1/
√
g, r, r sin θ
)
. Then, the γµ matrices are given by
γt =
1√
f (r)
(
i 0
0 −i
)
, γθ =
√
gθθ
(
0 σ1
σ1 0
)
,
γr =
√
g (r)
(
0 σ3
σ3 0
)
, γφ =
√
gφφ
(
0 σ2
σ2 0
)
, (5.141)
where
√
gθθ = 1r and
√
gφφ = 1r sin θ . To apply the WKB approximation, we substitute the wave
function and gamma matrices into the generalized Dirac equation. Multiplying ~ and considering the
leading contribution, we get the equations of motion as follows
− iA 1√
f
∂tI + iAm
[
1− βm2 − βgrr (∂rI)2 − βgθθ (∂θI)2 − βgφφ (∂φI)2
]
−B√g∂rI
[
1− βm2 − βgrr (∂rI)2 − βgθθ (∂θI)2 − βgφφ (∂φI)2
]
−iAeAt√
f
[
1− βm2 − βgrr (∂rI)2 − βgθθ (∂θI)2 − βgφφ (∂φI)2
]
= 0, (5.142)
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iB
1√
f
∂tI + iBm
[
1− βm2 − βgrr (∂rI)2 − βgθθ (∂θI)2 − βgφφ (∂φI)2
]
−A√g∂rI
[
1− βm2 − βgrr (∂rI)2 − βgθθ (∂θI)2 − βgφφ (∂φI)2
]
+iB
eAt√
f
[
1− βm2 − βgrr (∂rI)2 − βgθθ (∂θI)2 − βgφφ (∂φI)2
]
= 0, (5.143)
A
{
−(1− βm2)
√
gθθ∂θI + β
√
gθθ∂θI
[
grr(∂rI)
2 + gθθ(∂θI)
2 + gφφ(∂φI)
2
]
−i
√
gφφ∂φI
[
1− βm2 − βgrr (∂rI)2 − βgθθ (∂θI)2 − βgφφ (∂φI)2
]}
= 0, (5.144)
B
{
−(1− βm2)
√
gθθ∂θI + β
√
gθθ∂θI
[
grr(∂rI)
2 + gθθ(∂θI)
2 + gφφ(∂φI)
2
]
−i
√
gφφ∂φI
[
1− βm2 − βgrr (∂rI)2 − βgθθ (∂θI)2 − βgφφ (∂φI)2
]}
= 0. (5.145)
However, it is difficult to solve the action from the above equations directly. We should follow the
standard process to carry out separation of variables. The action becomes
I = −ωt+W (r) + Θ(θ, φ). (5.146)
We first observe the last two equations in (5.142)-(5.145). Inserting Eq. (5.146) into Eqs. (5.144) and
(5.145) and canceling A and B, we find the equation
√
gθθ∂θΘ + i
√
gφφ∂φΘ = 0. It finally yields an
important relation: gθθ(∂θI)
2+ gφφ(∂φI)
2 = 0. Next, we process to consider Eqs. (5.142) and (5.143).
Inserting Eq. (5.146) into Eqs. (5.142) and (5.143) and canceling A and B yield
A6 (∂rW )
6 +A4 (∂rW )
4 +A2 (∂rW )
2 +A0 = 0, (5.147)
where
A6 = β
2g3f,
A4 = βg
2f
(
3m2β − 2)− β2g2e2A2t ,
A2 = gf
[(
1− βm2)2 − 2βm2 (1− βm2)]+ 2βgeAt[−ω + eAt(1− βm2)],
A0 = m
2f
(
1− βm2)2 − [−ω + eAt (1− βm2)]2 . (5.148)
The particle’s tunneling rate is determined by the imaginary part of the action. Neglecting higher
order terms of β, the imaginary part of the radial action is solved as follows
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ImW±(r) = ±Im
∫
dr
1√
gf
√
−m2 (1− 2βm2) f + (ω − eAt (1− βm2))2
×
{
1 + β
[
m2 − eAtω˜0
f
+
1
f
(
ω − eAt
(
1− βm2))2]}
= ±π r
2
+
r+ − r− (ω − eAt+)× (1 + βΞ) , (5.149)
where +(−) represent the outgoing (ingoing) solutions, ω˜0 = ω− eAt and At+ = Qr+ is the electromag-
netic potential at the event horizon. Ξ is given by
Ξ =
m2
2
+
em2At+
ω − eAt+
+2
4eωQr+r− + ω2r3+ − 2e2Q2(r+ + r−)− eωQr2+ − 2ω2r2+r−
(r+ − r−)2 r+
. (5.150)
Utilizing r± = M ±
√
M2 −Q2, the right hand side of Eq. (5.150) is reduced to m22 + em
2At+
ω−eAt+ +
2
2eQ2(ωQ−eM)+ωr+(ω−eAt+)(r2+−Q2)
(r+−r−)2r+ . It is easy to find Ξ > 0.
We use the invariant expression of the tunneling rate under canonical transformations. Therefore,
we should first find the contributions of the temporal part. Introducing the tortoise coordinate r∗ =
r + 12κ+ ln
r−r+
r+
− 12κ− ln
r−r−
r−
, where κ± =
r+−r−
2r2
±
is the surface gravity at the outer (inner) horizons,
we get the exterior region of the black hole in the Kruskal coordinates system, which is
T = eκ+r∗sinh(κ+t), R = e
κ+r∗cosh(κ+t), (5.151)
The interior region is described as
T = eκ+r∗cosh(κ+t), R = e
κ+r∗sinh(κ+t). (5.152)
We rotate the time t to t→ t− ipi2κ+ to connect these two regions. This rotation produces an additional
imaginary contribution, namely, Im(E∆tout,in) = piE2κ+ , where E = ω − eAt+. Considering that the
total temporal contribution is Im(E∆t) = piEκ+ , we get the expression of the tunneling rate as follows
Γ ∝ exp
[
−
(
Im(E∆tout,in) + Im
∮
prdr
)]
= exp
[− (Im(E∆t) + 2ImW out)]
= exp
[
−4π r
2
+
r+ − r− (ω − eAt+)
(
1 +
1
2
βΞ
)]
. (5.153)
This is the Boltzmann factor for an object with the effective temperature taking
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T =
r+ − r−
4πr2+
(
1 + 12βΞ
) = T0
(
1− 1
2
βΞ
)
, (5.154)
where T0 =
r+−r−
4pir2
+
is the original Hawking temperature of the Reissner-Nordstrom black hole. It
is easily found that the corrected temperature is lower than the original one. The correction value
relies on the quantum numbers (charge, mass, energy) of the emitted charged fermion. The quantum
correction also slows down the increase of the Hawking temperature. When β = 0, the original
Hawking temperature of the Reissner-Nordstrom black hole is recovered.
5.2.4 Fermions’ tunneling in the 5-dimensional rotating black string
The Kerr metric describes a rotating black hole in four dimensions. When the Kerr metric is added
to an extra compact spatial dimension, the metric takes a form
ds2 = −∆
ρ2
(
dt− a sin2 θdϕ)2 + sin2 θ
ρ2
[
adt− (r2 + a2)dϕ]2
+
ρ2
∆
dr2 + ρ2dθ2 + gzzdz
2, (5.155)
where ∆ = r2 − 2Mr + a2 = (r − r+)(r − r−), ρ2 = r2 + a2 cos2 θ, gzz is set to be 1. The metric
describes a rotating uniform black string. r± =M ±
√
M2 − a2 locates at the outer (inner) horizons.
M and a are the mass and the angular momentum unit mass of the string. The equation of motion
of a fermion is determined by the generalized Dirac equation. For the investigation of the tunneling
behavior of the fermion, we first construct a tetrad and it can be directly constructed from the metric
(5.155). However, due to the rotation of the spacetime, the matter near the horizons is dragged by
the spacetime (5.155), which is inconvenient for us to discuss the fermion’s tunneling behavior. To
eliminate this inconvenience, we carry out the dragging coordinate transformation
dφ = dϕ−Ωdt,
Ω =
(
r2 + a2 −∆)a
(r2 + a2)2 −∆a2 sin2 θ , (5.156)
on the metric (5.155). Then the metric (5.155) becomes
ds2 = −F (r)dt2 + 1
G(r)
dr2 + gθθdθ
2 + gφφdφ
2 + gzzdz
2
= − ∆ρ
2
(r2 + a2)2 −∆a2 sin2 θdt
2 +
ρ2
∆
dr2 + gzzdz
2 + ρ2dθ2
+
sin2 θ
ρ2
[
(r2 + a2)2 −∆a2 sin2 θ] dφ2. (5.157)
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From the above metric, we construct the tetrad as follows
eaµ = diag(
√
F , 1/
√
G,
√
gθθ,
√
gφφ,
√
gzz). (5.158)
Now it is easy to construct the following gamma matrices
γt =
1√
F
(
0 I
−I 0
)
, γθ =
√
gθθ
(
0 σ2
σ2 0
)
,
γr =
√
G
(
0 σ3
σ3 0
)
, γφ =
√
gφφ
(
0 σ1
σ1 0
)
,
γz =
√
gzz
( −I 0
0 I
)
. (5.159)
There are also two states with spin up and spin down to measure the quantum property of the spin-
1/2 fermion. We only investigate the tunneling radiation of the fermion with the spin up state. The
analysis of spin down case is parallel. The wave function of the fermion with spin up state in the
spacetime (5.157) are assumed as follows
Ψ =


A
0
B
0

 exp
(
i
~
I (t, r, θ, φ, z)
)
, (5.160)
where A,B,C,D are functions of (t, r, θ, φ, z), and I is the action of the fermion. To use the WKB
approximation, we adopt the same process as the above section and get four equations
− B√
F
∂tI −B
√
G(1− βm2)∂rI +A
√
gzz(1− βm2)∂zI
−iAm(1− βm2 − βQ) +Bβ
√
GQ∂rI −Aβ
√
gzzQ∂zI = 0, (5.161)
A√
F
∂tI −A
√
G(1− βm2)∂rI −B
√
gzz(1− βm2)∂zI
−iBm(1− βm2 − βQ) +Aβ
√
GQ∂rI +Bβ
√
gzzQ∂zI = 0, (5.162)
−B
(
i
√
gθθ∂θI +
√
gφφ∂φI
)
(1− βm2 − βQ) = 0, (5.163)
−A
(
i
√
gθθ∂θI +
√
gφφ∂φI
)
(1− βm2 − βQ) = 0, (5.164)
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where Q = grr (∂rI)
2 + gθθ (∂θI)
2 + gφφ (∂φI)
2 + gzz (∂zI)
2. Following the same process, we carry out
separation of variables
I = −(ω − jΩ)t+W (r) + Θ(θ, φ) + Jz, (5.165)
where ω and j are the energy and angular momentum of the fermion, and J is a conserved momentum
corresponding to the compact dimension. From Eqs. (5.163) and (5.164), we can get a complex
function solution of Θ, and
gθθ(∂θΘ)
2 + gφφ(∂φΘ)
2 = 0. (5.166)
Now we focus our attention on the radial part of the action. Insert Eq. (5.165) into Eqs. (5.161) and
(5.162), cancel A and B and neglect the higher order terms of β. We get the solution of ∂rW
A(∂rW )
4 +B(∂rW )
2 + C = 0, (5.167)
where
A = −2βG2F,
B = G,
C = −
(
1− 2βm2 − 2βgzz (∂zI)2
)(
m2 + gzz (∂zI)
2
)
− 1
F
(∂tI)
2 . (5.168)
Solving the above equation at the outer horizon yields the complex expression of the radial action.
However, the tunneling rate is determined by the imaginary part of the action. Therefore, the imagi-
nary part of W is derived as
ImW± = Im
∫
dr
1√
GF
√
(E − jΩ)2 + (1− 2βm2 − 2βgzzJ2) (m2 + gzzJ2)F
×
[
1 + β
(
m2 + gzzJ2 +
(E − jΩ)2
F
)]
= π
(ω − jΩ+)(r2+ + a2)
r+ − r− [1 + βΞ(J, θ, r+, j)] , (5.169)
where gzz = 1 and Ω+ =
a
r2
+
+a2
is the angular velocity at the outer horizon. Ξ(J, θ, r+, j) is a
complicated function of J, θ, r+, j and Ξ(J, θ, r+, j) > 0. To find the contributions of the temporal
part, we should use the Kruskal coordinates (T,R). In this coordinate system, the exterior region
(r > r+) of the Kerr string is described by
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T = eκ+r∗sinh(κ+t),
R = eκ+r∗cosh(κ+t), (5.170)
where r∗ = r + 12κ+ ln
r−r+
r+
− 12κ− ln
r−r−
r−
, and κ± =
r+−r−
2(r2
±
+a2)
. The interior region of the string is given
by
T = eκ+r∗cosh(κ+t),
R = eκ+r∗sinh(κ+t). (5.171)
For connecting these two regions across the horizon, we need to rotate the time t to t → t − i pi2κ+ .
This rotation gives us an additional imaginary contribution of the temporal part [105], namely,
Im(E∆tout,in) = piE2κ+ , where E = ω − jΩ+. Then the total temporal contribution is Im(E∆t) = piEκ+ .
When all of the contributions are taken into account, the tunneling rate of the fermion across the
horizon is derived as follows
Γ ∝ exp
[
−
(
Im(E∆t) + Im
∮
prdr
)]
= −4π (ω − jΩ+)(r
2
+ + a
2)
r+ − r−
[
1 +
1
2
βΞ(J, θ, r+, j)
]
. (5.172)
This is the Boltzman factor corresponding to the Hawking temperature of the Kerr string
T =
r+ − r−
4π(r2+ + a
2)
[
1 + 12βΞ(J, θ, r+, j)
]
= T0
[
1− 1
2
βΞ(J, θ, r+, j)
]
, (5.173)
where T0 =
r+−r−
4pi(r2
+
+a2)
is the original Hawking temperature of the Kerr string, which shares the same
expression as that of the 4-dimensional Kerr black hole. This modified temperature is not only
determined by the mass, angular momentum and extra dimension of the string, but also affected by
the quantum numbers (energy, mass and angular momentum) of the fermion. Meanwhile, a different
phenomenon is that the temperature is affected by the angular θ. Due to the small β, the quantum
gravity correction to the temperature is also a small value.
The metric (5.155) reduces to the Schwarzschild string metric when a = 0. Then the imaginary
part of the radial action (5.169) reduces to
Im
∮
prdr = 2πωr+
[
1 + β
(
2ω2 +m2/2 + J2/2
)]
. (5.174)
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Adopting the same process, the temperature of the Schwarzschild string is gotten
T =
1
8πM
[
1− β (ω2 +m2/4 + J2/4)] . (5.175)
It shows that the temperature of the string is affected by the effect of the extra dimension and the
quantum number (energy, mass and angular momentum) of the fermion. It is also easy to see that
the quantum gravity correction slows down the increase of the temperature.
5.3 Remnants in black holes
Incorporating effects of quantum gravity, the tunneling radiation of scalar particles and fermions were
discussed in the above subsections. The corrected temperatures are lower than the original temper-
atures and the correction values are related to the quantum numbers of the emitted particles. This
result implies that quantum gravity corrections slow down the increases of the temperatures during
the radiation. Finally, the quantum corrections and the traditional temperatures rising tendency are
in balance. The radiation should be stopped at a certain point, which naturally leads to the existence
of the remnants in the black holes.
It is of interest to discuss the scale of the remnants. When Q = 0 and a = 0, J = 0, the metrics
of the Reissner-Nordstrom black hole and Kerr string reduce to that of the Schwarzschild black hole.
Then Eqs. (5.137), (5.154) and (5.173) share an identical expression and show the same temperature.
This temperature is
T =
[
1− 1
4
β
(
m2 + 4ω2
)] 1
8πM
, (5.176)
To determine the scale of the remnants, we only consider the tunneling radiation of a massless particle.
When
(M − dM)(1 + βω2) ≃M, (5.177)
the radiation stops, where dM = ω, β = β0/M
2
p , β0 < 10
5 is a dimensionless parameter determined
by quantum gravity effects [53]. To avoid the temperature T being negative, the value of ω should
satisfy 1 − βω2 > 0, namely, ω < Mp√
β0
. Then, it is easy to find the remnant and the corresponding
temperature
MRes ≃
M2p
β0ω
&
Mp√
β0
. (5.178)
This result is consistent with those derived in references [68, 69, 111, 112]. To compare with
previous works, our process presents how the remnants of black holes arises by quantum gravity
effects. Moreover, the singularity of black hole evaporation is also prevented by the quantum gravity
correction.
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6 The mass spectrum
Quantizing the geometry is an important topic of quantum effects of black holes. The horizon area
was first quantized by Bekenstein [113]. The area spectrum satisfies the formula An = nγl
2
p, where
n = 1, 2, 3..., γ is a dimensionless constant and needs to be fixed and lp is the Planck length. Later
Vaz et al. examined WDW equation for the Schwarzschild black hole and found that the mass is also
quantized and the mass spectrum is proportional to
√
n [114, 115]. In this section, we first review the
quantization of a Schwarzschild black hole by WDW equation, and then take into account quantum
gravity effects to re-quantize the black hole [116, 117].
To get the energy of the Schwarzschild black hole, one can write down the time independent
Schrodinger equation Hˆψ = Eψ of the black hole, where Hˆ is the Hamiltonian operator and ψ is
the wave function of the black hole. En are the eigenvalues of Hˆ. The eigenfunctions ψn describe
the corresponding probability amplitudes. WDW equation for the Schwarzschild black hole where the
Hamiltonian involves momenta and coordinates (a, pa) i.e. H =
p2a
2a +
a
2 , can be written as [116, 117]
a−s−1
∂
∂a
(
as
∂
∂a
)
ψ(a) = (a− rE)ψ(a), (6.179)
where pa is momenta canonically conjugate to a, p
2
a = −a−s dda
(
as ddaψ(a)
)
, rE = 2M is the location
of the horizon and s is a factor ordering the parameter. To solve the above equation, we choose a
particular value s = 2. Thus, the above equation is rewritten as follows
1
a
(
∂2
∂a2
+
2
a
∂
∂a
)
ψ(a) = (a− rE)ψ(a). (6.180)
We first perform the transformations ψ(a) = U(a)a and ξ = a− rE , where ξ expresses the gravitational
degrees of freedom of the black hole. Then define the appropriate constants and consider the fact that
the energy of excitations associated with variable a is not positive. Thus, Eq. (6.180) becomes
− ∂
2U
∂ξ2
+ ξ2U =
1
4
r2EU, (6.181)
which is the differential equation for a quantum harmonic oscillator. Its energy levels are easily derived
as
1
4
r2E = 2n+ 1, (6.182)
where n is an non-negative integer. Using the relation between the radius and mass, we get the mass
spectrum of the black hole as
M2 = 2(n + 1/2). (6.183)
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From the above equation, we can find that the mass of the black hole is proportional to
√
n. This
result is full in consistence with that of Bekenstein’s argument [118, 119].
In the following, we investigate the mass spectrum by the modified WDW equation with effects of
quantum gravity. WDW equation for a Schwarzschild black hole with a modified Heisenberg algebra
which has a linear term in momentum was discussed in Ref.[120]. Here we adopt the expression of the
GUP put forward by Mann et al. [54]. The position and momentum operators in position space were
given in Eq. (1.2). They are represented in momentum space as follows
X = i~
[
(1 + βp2)∂p+ βp
]
,
P = p . (6.184)
Then WDW equation for the Schwarzschild black hole with the GUP becomes [121]
{
− [(1 + βp2)∂p+ βp]2 − β(1 + βp2) + p2}ψ(p) = r2E
4
ψ(p), (6.185)
where p is canonical momenta conjugate to ξ. The exact solution of the above equation was found in
the work [122, 123], which is
M2 = 2 (n+ 1/2)
√
1 + (β/2)2 + β(n2 + n+ 1/2). (6.186)
The normalized energy eigenfunctions of Eq. (6.185) are gotten as
ψn(p) = 2
νΓ
√
n!(n+ ν)σ1/2
2πΓ(n + 2ν)
cν+1Cνn(s), (6.187)
where
Cνn(s) =
(−1)n
2nn!
Γ(n+ 2ν)Γ(ν + 1/2)
Γ(2ν)Γ(n+ ν + 1/2)
(1− s2)1/2−ν d
n
dsn
(1− s2)n+ν−1/2 (6.188)
is the Gegenbauer polynomial, n = 0, 1, 2, ...., c = (1 + βp2)−1/2, s =
√
βpc and 2ν = 1 +
√
1 + 4/β2.
Comparing Eq. (6.186) with Eq. (6.183), we find that the correction value appeared when effects of
quantum gravity are taken into account. The mass of the black hole is proportional to n in quantum
gravity regime. When β = 0, Eq. (6.186) reduces to Eq. (6.183) and Bekenstein’s result is recovered
[118, 119].
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7 Thermodynamics
In this section, we discuss the thermodynamics of the Schwarzschild black hole with effects of quantum
gravity. The first law of thermodynamics of a black hole satisfies dM = TdS − V dQ − ΩdJ . The
entropy is one quarter of the horizon area, namely, S = A/4. To derive the entropy, we can directly
solve Eq. (5.88) which is the modified Heisenberg algebra. Neglecting the factor ”2” on the right hand
side of the equation and solving it, we get the expression of ∆p as follows
∆p =
2M/(M2p c) + α1 ±
√(
2M/(M2p c) + α1
)2 − 4α2
2α2
. (7.189)
In the above equation, the negative sign is chosen to get the temperature. The positive sign has no
evident physical meaning. Then we use the calibration factor 4π and get the temperature as follows
T =
c∆p
4π
=
2M/M2p + α1c
8πα2
(
1−
√
1− 4α2(
2M/(M2p c) + α1
)2
)
. (7.190)
When α1 = 0, α2 = β, we can get the correction to the temperature derived by Adler et al. [68].
Using the first law of thermodynamics dS = c2dM/T , we finish the integral and get the expression of
the entropy as follows
S = 2πM2/M2p + 2α1πMc
−2πα2M2p c2ln
(
α1M
2
p c+ 2M +
√
4M2 + 4α1MM2p c+ α
2
1M
4
p c
2 − 4α2M4p c2
)
+π
(
2M/M2p + α1c/2
)√
4M2 + 4α1MM2p c+ α
2
1M
4
p c
2 − 4α2M4p c2. (7.191)
The above entropy was derived by the DSR-GUP. A logarithmic correction to the entropy was recently
derived in the theories of loop quantum gravity and string [124]. There is also a logarithmic correction
term. When α1 = α2 = 0, the above equation is reduced to the Bekenstein-Hawking entropy of the
Schwarzschild black hole.
Now we derive the thermodynamics from another aspect [72, 125, 126]. We rewrite Eq. (5.88) as
follows
∆x∆p ≥ ~ (1− α1∆p+ α2∆p2) , (7.192)
where α1 =
√
α2 = α0lp/~, α0 is a dimensionless constant. Solving the above equation and Taylor
expanding the solved equation, we rewrite the same equation after some simple manipulation as follows
∆p =
1
δx
(
1− α1
2δx
+
α21
2(δx)2
− α
3
1
2(δx)3
+
9α21
16(δx)2
− ...
)
. (7.193)
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In the above equation, we have chosen ~ = 1. In the work [72, 125, 126], the authors discussed that
the Heisenberg uncertainty principle could be translated to the lower bound Eδx ≥ 1, where E is the
energy of a quantum particle. Here we adopt this consideration and take into account a photon as the
quantum particle. Then the lower bound is rebuilt by the GUP, which is
E =
1
δx
(
1− α1
2δx
+
α21
2(δx)2
− α
3
1
2(δx)3
+
9α21
16(δx)2
− ...
)
. (7.194)
When a classical particle with energy E and size R is absorbed by the black hole, the minimal increase
in the area is expressed as
∆Amin ≥ 8πl2pER ≥ 8πl2pEδx, (7.195)
Now we follow the work of Majumder and rewrite the above equation, which is [72]
∆Amin ≃ ǫl2p
(
1− α1
2δx
+
α21
2(δx)2
− α
3
1
2(δx)3
+
9α21
16(δx)2
− ...
)
, (7.196)
where ǫ is a numerical value greater than the order of 8π. Let the uncertainty of the position be
δx ∼ 2rE =
√
A
pi , we get
∆Amin ≃ ǫl2p
(
1− π
1/2α1
A1/2
+
πα21
A
− π
3/2α31
A3/2
+
9π2α21
16A2
− ...
)
. (7.197)
When the area is added, the entropy should be also added. We assume that the minimal increase of
the entropy is one bit b and the value of b is ln2. Thus, there is
dS
dA
≃ ∆Smin
∆Amin
=
b
ǫl2p
(
1− pi1/2α1
A1/2
+
piα2
1
A −
pi3/2α3
1
A3/2
+
9pi2α2
1
16A2 − ...
) . (7.198)
The entropy can be obtained by integrating the above equation. Finishing the integral and letting
b/ǫ = 1/4, we get
S =
A
4l2p
+
π1/2α0
2
√
A
4l2p
−πα
2
0
16
ln
A
4l2p
− π
3/2α30
32
(
A
4l2p
)−1/2
+
π2α40
128
(
A
4l2p
)−1
− .... (7.199)
It shows that the entropy is corrected by quantum gravity effects. The first term is the Bekenstein-
Hawking entropy-area relation. The logarithmic correction appears in the expression, which is in
consistence with that obtained in loop quantum gravity. For the Reissner-Nordstrom black hole with
double horizons, the uncertainty of position is chosen as δx = 2(r+−r−). Following the above process,
we can also get the corrected entropy.
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8 Discussion and Conclusion
In this paper, we have reviewed the effects of quantum gravity on the black holes. We first discussed
the tunneling radiation. In the derivation of the tunneling radiation, the calculation of the imaginary
part of the emitted particle’s action is a key point. There are two ways to derive the imaginary part,
namely, the null geodesic method and the Hamilton-Jacobi method. In the first way, the background
spacetimes were varied, therefore, the leading corrections to the Hawking temperatures appeared. The
corrected temperatures were higher than the original temperatures. In the second way, the spacetimes
were fixed, thus the standard Hawking temperatures were recovered. Both of these results predict the
complete evaporation of the black holes.
We can directly derive the action of the massive and massless particles in the Hamilton-Jacobi
method. However, we should distinguish the massless and massive particles in null geodesic method,
since the derivations of their actions are different. Taking into account that the derivation of the
geodesic equation of the massive particle was gotten unnaturally, we re-defined the geodesic equation
by the variation principle on the Lagrangian action. Then we adopted the new definition to investigate
the tunneling behavior of the scalar particles across the horizon of the black string. The result is full
in consistence with that derived by Parikh and Zhang et al. [6, 9].
When effects of quantum gravity were taken into account, we modified Klein-Gordon equation and
Dirac equation by the influence of GUP, then used these modified equations to discuss the tunneling
radiation of scalar particles and fermions in various spacetimes. The result showed that the corrected
temperatures are lower than the original temperatures. Quantum corrections slow down the increase
of the temperatures duo to the radiation. Finally, at a certain point, the quantum corrections and the
traditional temperatures rising tendency are in balance, which leads to the remnants. The scale of the
remnants was gotten by the massless particles’ tunneling across the horizons, which is MRes &
Mp√
β0
.
Then the singularities are avoided by the quantum gravity corrections. Our calculation explicitly
showed how the remnants arises due to effects of quantum gravity. The tunneling radiation of scalar
particles and fermions beyond the semi-classical approximation was also discussed. One can refer to
Refs. [31, 32, 33] for detail.
Incorporating the quantum gravity effects into WDW equation, we quantized the Schwarzschild
black hole’s mass. The result showed that the mass of the black hole is proportional to n in quantum
gravity regime. When β = 0, the result of Bekenstein is recovered. The thermodynamics of the
Schwarzschild black hole were discussed with the influences of GUP. The corrected entropy was derived.
There is also a logarithmic correction term, which is full in consistence with that derived in loop
quantum gravity.
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